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ABSTRACT 

The s c a t t e r i n g  of electromagnetic waves is  considered using the 

i n t e g r a l  equation form of Maxwell's equations f o r  t h e  electric f!l,e&$? 

These equations are of a form similar but no t  i den t Jca1  t o  those  grjsipg 

i n  quqntum mechanical s c a t t e r i n g  theory. 

s o l u t i o n  procedure of Sams and Kouri is adapted t o  these f h l d  e q u q t i m s  

t o  de r ive  Vo l t e r r a  i n t e g r a l  equations of t h e  second kind f o r  "rnod$f$.e~ 

f i e l d  functions". A quadrature s o l u t i o n  procedure i s  examined fo r  the 

s o l u t i o n  of t h e  Vo l t e r r a  equations and i ts  merits discussed. 

The homogeneous i n t e g r a l  
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I. INTRODUCTION 

The purpose of t h i s  no te  is t o  po in t  out a computational pracedure 

f o r  so lv ing  Maxwell’s equations f o r  s c a t t e r i n g  of electromagngtic wavga. 

We employ Maxwell’s equations expressed i n  i n t e g r a l  form. 

s e c t i o n  does n o t  con ta in  anything new but  is  presented t o  e s t a b l i s h  nptar 

t i o n  and t h e  approach t o  be pursued. 

is e s s e n t i a l l y  t h a t  presented by Newton i n  h i s  r e fe rence  work on wave 

and p a r t i c l e  s c a t t e r i n g .  

Maxwell’s equations i n  d i f f e r e n t i a t e d  form may be writ ten as 

The present  

Our formulation of t h e  equations 

1- 5 

where t h e  index of r e f r a c t i o n  y1’ i s  given by 

Here /A. r ep resen t s  t h e  magnetic 

dielectric cons tan t ,  (J+ is  t h e  

b i r c u l a r  frequency of t h e  r a d i a t i o n .  

permeabi l i ty ,  E i s  t h e  

wnductivrtty and 03 the 

The r e f r a c t i v e  index 0’ mq 

permeabi l i ty  

Be uniform. Thus, t h e  s c a t t e r i n g  medium need n o t  be homogeneous or 

i s o t r o p i c .  For t h e  case  where i s  not  a tensor  ( i s o t r o p i c  

medium), Eq. (1) may be w r i t t e n  as 

i n  gene ra l  are t enso r  q u a n t i t i e s  and need not 
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and 

To convert  Eqs. (1) o r  (3) i n t o  i n t e g r a l  equat ions,  we employ t h e  
a 

t ensor  Green's func t ion  (kj h" K ' )  sat is f ying 

1- 3 which may be shown t o  be 

(This of course is  t h e  causa l  Green's func t ion  so t h a t  purely outgoing 

s c a t t e r e d  waves w i l l  r e s u l t ) .  The r e s u l t i n g  i n t e g r a l  equation f o r  t h e  

e lectr ic  f i e l d  i s  

2 

where E,(t;l/ I it 
r a d i a t i o n  and t h e  l a b e l  1/ 

is t h e  f i e l d  of t h e  inc iden t  e lectromagnet ic  

denotes t h e  i n i t i a l  p o l a r i z a t i o n  ( r e l a t i v e  

t o  , t h e  propagation vec to r ,  as t h e  2 a x i s ) .  Thus, one type 

i n i t i a l  r a d i a t i o n  could be 
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A /  

which i s  a p lane  wave wi th  c i r c u l a r  p o l a r i z a t i o n  vec to r  yy (7/ 3 * 4) . 
For t h e  present d i scuss ion ,  i t  is convenient t o  expand t h e  electric f i e l d s  

3 

and e, and the  Green's func t ion  i n  the  b a s i s  of vec to r  

s p h e r i c a l  harmonics" so  t h a t  

dnd 



4 

and 

and al.1 okh-ers are zero.  

In %hi? 'ab'ove expres-sions ti -J k i s  t h e  R ica t t i - sphe r i ca l  

Bessel funct ion3 of order , ( k / t ]  is t h e  Ricatt i-  
J 

spheric'a%'Bqnkel funct ion3 of t h e  ftrst kin& -of order  J- and by 

with respec t  t o  f i  , 

These r e s u l t s  are then employed t o  express t h e  p a r t i a l  wave com- 

ponents of t he  i n t e g r a l  equation for t h e  electric f i e l d  (for an i s o t r o p i c  

medium) as, 
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For s p h e r i c a l l y  symmetric scatterers, Eq. (16) reduces t o  

h 1' 
and t h e  i n t e g r a l  equat ion f o r  E ( A  1 reduces t o  a set of 

3-M 
t h r e e  coupled equat ions given by 

f o r  A, h' j A'' equal  t o  e ,  131 and 8 . For purposes 

of s impl i c i ty ,  w e  s h a l l  couch our d iscuss ion  of a s o l u t i o n  procedure 

i n  terms of Eq. (18). However, t h e  n o n i t e r a t i v e  so lu t ion  method pre- 

sented he re in  can be  appl ied  t o  the genera l  case of a noniso t rppic  

nonhomogeneous medium without any e s s e n t i a l  change. F i n a l l y ,  ,we comment. 

ghat these  i n t e g r a l  equat ions are very  s i m i l a r  t o  those  encouatered i n  

quantum mechanical s c a t t e r i n g  where now t h e  r o l e  of t h e  poten tSa l  is  
2 

faken by t h e  q u a n t i t y r n  (rl - i] . We keep i n  mind t h a t  i n  t h e  a b s e m e  

of any d i spe r s ive  medium, 

Eq. (18) tends t o  zero  as one moves from t h e  s c a t t e r i n g  region i n t o  

f r e e  space,  

z 1 s o  t h a t  t h e  "potent ia l"  i n  
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11. THE NONITERATIVE SOLUTION PROCEDURE 

We now discuss  t h e  adapta t ion  of t h e  Sams-Kouri homogeneous i n t e g r a l  

s o l u t i o n  f ~ r m a l i s m ~ - ~  t o  the  present  problem of s c a t t e r i n g  of e l ec t ro -  

magnetic waves. It is convenient t o  express E q .  (18) i n  a mat r ix  form 

as 00 

and 
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It is next convenient t o  express t h e  mat r ix  - rJ 
N 

i n  t h e  form 

and are diagohal  matrices - 9 . 3  
where 

given by 
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J” 
5= 

has only two nonzero elements given by 4 .whi le  

I &  (-+I 

yep J- ( 3 4 )  
3” = /i MJWJ ~3 ( k d / ’ k ,  gT (ml = 

-* 40e 

W e  may now employ E q ,  (24) and e x p l i c i t l y  e l imina te  t h e  R< and f l>  
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3J (Here it  is  important t o  note  t h a t  the matrices 

dommute and t h e  matrices FT and FJ  commute), We now 

fol low Sams and Kouri' and simply add and s u b t r a c t  t h e  in t eg ra& 

5 = 2  
r J- and 

2 2  

G 3  SLf 

and 

i h  Eq. (35) t o  obta in  



are defined by 
T- 

and D 
c 

Here the  constant  matr ices  c r  - 
c 

and 

In  order t o  so lve  Eq. ( 4 0 ) ,  we now w r i t e  t h e  e lec t r ic :  field 

as 

(f: (A] 3-fi 
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where c l e a r l y  

Me now note t h a t  Eqs. (41) - (42) c o n s t i t u t e  a set  of a lgeb ra i c  equat ions 

and D3 given by 
P 

$or t h e  constant  mat r ices  c 
% / 



5: DJ ?. (49) 

These c l e a r l y  may be 

are known by so lv ing  

of course recognized 

Eqs. ( 4 4 1 ,  1, 2 . The Eqs. ( 4 4 )  are 

as Vol t e r r a  i n t e g r a l  equations of t he  second kind 3 

and t h e r e  are a v a r i e t y  of procedures which can be  employed i n  t h e i r  

so lu t ion .  We here  wish t o  po in t  out  one p a r t i c u l a r  approach which is 

n o n i t e r a t i v e  i n  na tu re  and which has  been appl ied  t o  q u i t e  similar 

equations occuring i n  quantum mechanical s c a t t e r i n g  with considerable  

success .  6-7 We now i n s e r t  a Newton-Cotes quadrature  (e.g., t h e  t r apezo ida l  

r u l e )  f o r  t h e  i n t e g r a t i o n  t o  obta in  

NL 

c 
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It is  of i n t e r e s t  t o  examine 

It is  r e a d i l y  seen  t o  equal 

t he  quan t i ty  i n  

v ,,,,, where - 

s i n c e  t h e  f i r s t  term vanishes.  (Here w e  s e e  

bracke ts  above f o r  k = /M . 

(51) 

an important d i f f e r e n c e  

between t h e  electromagnetic s c a t t e r i n g  problem and t h e  quantum mechanical 

problem. Unless t h e r e  a r e  v e l o c i t y  dependent p o t e n t i a l s  occuring i n  

the  quantum mechanical problem, only t h e  term 

OCCUES and t h i s  

. The r e s u l t  is t h a t  f o r  is  r e a d i l y  seen t o  vanish a t  

quantum mechanical problems, t h e  analogue of Eq. (50) may be solved 
hm '5: 

t 

without n e c e s s i t a t i n g  any matrix invers ions)  , 

Eq. (50) f o r  t h e  "modified f i e l d  functions" ( p / h  ) a t  

t h e  po in t  nm 

Thus , i n  o rde r  t o  so lve  

53 J-PI 
, it  i s  necessary t o  compute t h e  inve r se  of t h e  

r L  t '  

m a t r i x 1  -v ( R, )(-I) h w,,, . However, i t  is stressed t h a t ,  f o r  
s m  c, 

t h e  present  problem, t h i s  is simply a 3x3 mat r ix  and i n  general ,  t h e  

dimensionality of t h e  mat r ix  t o  be inver ted  is t h e  same as t h e  dimension- 

a l i t y  of t h e  mat r ix  * This i s  t o  be  cont ras ted  with what cc 

one encounters i n  a d i r e c t  quadrature s o l u t i o n  of Eq. (19) where one 
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Even i f  one uses a quadrature  scheme which takes  account of t h e  cusp 

occuring i n  f“ , one must i n v e r t  a matrix whose order  i s  3NxN c 
where N is t h e  number of quadrature  po in t s  employed. 

It should a l s o  b e  noted t h a t  once t h e  func t ions  E [ p / h J  3-/I 
are obtained out  i n t o  t h e  f r e e  space reg ion ,  t h e  i n t e g r a l s  requi red  t o  

so lve  Eqs. (48) - (49) f o r  C S  
5z 

and D 
G 

are known. 

Thus, t h e  complete s p e c i f i c a t i o n  of t h e  f i e l d  ( A )  i n  space is 
JM 

then poss ib le .  

F i n a l l y ,  i t  is  noted t h a t  one might a l s o  d e s i r e  t o  a t tempt  t h e  

so lu t ion  of Eqs. ( 4 4 )  by i t e r a t i o n .  Then i n  con t r a s t  t o  an i terative 

s o l u t i o n  of Eq. (19),  t h e  convergence of which is governed by t h e  same 
I 

condi t ions as t h e  Born-Neumann procedure i n  quantum mechanics, t h e  

condi t ions f o r  convergence of i t e r a t i o n  of Eqs, ( 4 4 )  are those  of an 

i n t e g r a l  equation wi th  a t r i angu la r  kernal, (i. e., I/( (/I, /7,’ = 0 f o r  

n ’ > h  ). These condi t ions f o r  t h e  quantum mechanical s c a t t e r i n g  

Thus one may hope f o r  convergence 8 problem are discussed by Newton. 

under more genera l  condi t ions i n  t h e  case of Eqs. ( 4 4 ) .  
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